We propose a structural design of multidimensional two-channel filter banks with desirable numbers of vanishing moments for the analysis and synthesis banks. We use a three-step lifting scheme as opposed to the conventional two-step lifting method in order to provide more symmetry between the analysis and synthesis filters. Design examples are also provided.
INTRODUCTION
Lifting scheme is a representation of wavelets where it provides a fast algorithm for computing the wavelet transform [3] , [8] . Lifting can be interpreted as representation of a filter bank in the polyphase domain using ladder structure [1] , [6] . Since perfect reconstruction is guaranteed for any kind of selection of lifting steps, the filter design for this approach can be accomplished by only imposing the desired characteristics such as vanishing moments into the filters.
Kovačević and Sweldens [4] proposed a structural design of multidimensional wavelets of any order and any number of analysis and synthesis vanishing moments. For two-channel schemes they used a two-step lifting technique. This approach could be considered as a generalization of the design method proposed by Phoong et al. [6] , where they proposed a ladder structure for one-dimensional (1-D) filer banks and also they designed quincunx filter bank (QFB) using transformation.
Ansari et al. [1] proposed a two-channel filter bank using a triplet of halfband filters (equivalent to a three-step lifting), where they could address the restrictions in double-halfband filter bank (equivalent to a two-step lifting) [6] . While the magnitudes of the normalized analysis filter pair for the double-halfband filter bank in [6] have to be 1 and 0.5 at / 2 ω π = , they can be set to an equal value of 2 / 2 in the triple-halfband design.
In this work, we generalize Ansari's method [1] to a multidimensional filter bank design with any number of analysis and synthesis vanishing moments using a structural approach based on Kovačević's method [4] . In our design we only consider FIR filters. Below, we introduce the notations that are used in this paper.
And also we have
t n, where j ∈ Z is the scale and we define det( )
Similarly, we have synthesis scaling and wavelet functions as
Vanishing moments in wavelets are critical regarding the regularity and also approximation power of wavelets [5] , [7] . If the 
wavelet analysis and synthesis stages have N and N vanishing moments, respectively, we have
These conditions are expressed for the highpass filters and polynomial ( )
and
(Recall that wavelet analysis highpass filter is
G z has N zeros and ( ) G z has N zeros at = ω 0 , but ( ) H z has N zeros and ( ) H z has N zeros at = ω π . Therefore, if N N > , the wavelet transform has more approximation power in the decomposition section and is more regular in reconstruction. This setting is more desirable in compression since more regular filters are required to compensate for the quantization in signal reconstruction [5] .
Neville filters is a notion introduced and referred to a class of filters related to the interpolation of polynomials [4] , as described below. 
This condition is equivalent to having
Here we should point out some of the important properties of the Neville filters we need later.
1) The filter ; thus, they can interpolate polynomials at half integers. The coefficients of these filters when the order N is even are obtained through
( 1) ( 2 0.5 )
Hence, for even N the filter ( ) ( ) N R z is linear phase. Table I shows a few Deslauriers-Dubuc filters. In the next section we show how we can benefit from Neville filters in order to design twochannel filter banks.
TWO-CHANNEL FILTER BANK DESIGN

Kovačević's Design
A two-channel filter bank using a lifting framework provides perfect reconstruction for any kind of lifting steps. Therefore, one can design filters by simply imposing vanishing moments on the filters and derive the appropriate lifting steps. This has been done by Kovačević and Sweldens in [4] for filter banks with two lifting steps (see Fig. 3 ). In this case if we express the filter bank in the polyphase domain we have 1
The two-channel filter bank designed by Phoong et al. [6] is similar to the 1-D design of [4] , where they used a ladder network in the polyphase domain. This setting as pointed out by Ansari et al. [1] has a drawback that the values of lowpass (and highpass) filter pair cannot be made the same at / 2 ω π = (one is 1 and the other is 0.5 in the normalized 1-D filters of [6] ). Here we show that we have the same problem for the general multidimensional design of two-channel filter banks proposed in [4] .
Kovačević and Sweldens showed that by imposing N and N vanishing moments to the wavelet analysis and synthesis banks shown in Fig. 1 when using the two-step lifting step depicted in where we can use time-revesed version of DeslauriersDubuc filters. Suppose that 3 N = and 2 N = . Therefore, we can obtain the analysis filters using We see that at / 2 ω π = or z j = the magnitude of H and G are 2 and 10 4 . Fig. 2 shows the frequency responses of the filters.
Example 2: In this example we consider the quincunx filter bank (QFB) design example in [4] with 4 N = and 2 N = . Here, we can find that the filters evaluated at ( , ) j j = z give ( , ) 2 H j j = and ( , ) 2 2 G j j = . 
A Three-Step Lifting Design
In this section we address the drawback of the Kovačević's Design by adding an additional lifting step to the framework of Fig. 3 . The proposed scheme is depicted in Fig. 4 . We can write the analysis and synthesis polyphase matrices in terms of the lifting steps as 
Hence, we can rewrite (10) as
which implies that * ( )
is a Neville filter of order N and shift 0 −τ , or ( ) Q k Q z is a Neville filter of order N and shift 0 τ . Now we impose N vanishing moments on the analysis bank. We can obtain analysis highpass filter by using (1) and (9) as
Using (5) 
As a result, * ( ) U k U z is a Neville filter of order N and shift
c . As seen, in the proposed design we have a free parameter where we can adjust the filters to have more symmetry. For the above setting we assumed N N ≥ , which is more useful in compression as described before. If we need to set N N ≥ vanishing moments, we can reverse the directions and also signs of the lifting steps ( ) L z , ( ) Q z , and ( ) U z in the filter bank shown in Fig. 4 .
In the next section we present a few design examples using the proposed scheme.
Design Examples
1-D Filter Banks
In 1-D case, since 2 M = we have 0 1/ 2 τ = , and hence, we can use the time-reversed version of Deslauriers-Dubuc filters to change the shift from 1/ 2 − to 1/ 2 τ = . Thus, for a filter bank with N vanishing moments in the analysis bank and N vanishing moments in the synthesis stage assuming N N ≥ , we have
, and (11), and (13), we derive the highpass analysis filter as ( )
and the lowpass analysis filter is derived as ( ) Fig. 4 . A two-channel multidimensional filter bank using a three-step lifting scheme. Fig. 3 . A two-channel multidimensional filter bank using a two-step lifting scheme.
Note that we included positive constants 0 K and 1 K for proper normalization (see Fig. 4 ). From Table I , since ( ) (1) 1
Now we can find the parameters by evaluating
In the case when both vanishing moments are of even order, we have ( ) 
If N or N , or both are odd then we should solve (16) and (17) to find the parameters. We can also obtain the synthesis filters using the following equations 
Quincunx Filter Banks
Quincunx filter banks (QFB) are 2-D two-channel filter banks where they can provide multiresolution analysis under certain regularity conditions. Suppose that we choose the sampling matrix as 
and ( )
(19) We can find the parameters through (1,1) ( 1, 1) 2 H G = − − = and ( , ) ( , ) H j j G j j = . In the next example we use these filters to design the quincunx filters.
Example 4: Suppose that we desire a QFB with 4 N = and 2 N = vanishing moments. To find the proper parameters we first evaluate (1, 1) ( 1, 1) 2
, which leads to 
CONCLUSION
We proposed a structural design of two-channel multidimensional filter banks with any number of vanishing moments using a threestep lifting scheme. The proposed scheme provides more symmetry between analysis and synthesis banks (compared with the two-step lifting design) and therefore, they have more regularity. Further analysis of the proposed scheme is under investigation. 
